Introduction.
The following result is contained in a theorem that we proved in a previous paper:1 Let f be a real or complex valued multiplicative arithmetic function. Suppose that \f(n) | :£ 1 for every n and that, as x tends to infinity,
(1) zZ f(P) log p = Px+o [x] ,2 PS* where p is a constant other than 1. Then, as x tends to infinity, zZ*sxfin) =o [x] . The proof of the theorem used a classical tauberian theorem of Hardy and Littlewood.
It is indeed possible to prove the above result without using any tauberian theorem. Besides, this new method enables us to obtain a more precise result. We shall actually prove here the following theorem.
Theorem. Let f be a bounded multiplicative arithmetic function. Suppose that, as x tends to infinity,
where p is a constant y* 1 and L a positive function defined for x ^ 1 and nonincreasing, and
Then, as x tends to infinity, 2 Throughout this paper p ranges over the primes while m, n, q range over the positive integers.
A sum which contains no term is zero and a product which has no factor is one.
It is to be noticed that \p\ must be ^ 1 and, since p^l, fftp must be <1.
In fact the hypothesis that/be bounded obviously implies that for every e>0 there can be at most a finite number of p's for which \/(p)\ =l+«, and this in turn implies lim sup-^ f(p) log p ^ 1-
It is also obvious that the theorem implies the above quoted result for, if (1) holds, we have (2) with
The idea of trying to improve this result originates from a remark of J. P. Tull, and some points are due to him as indicated in footnotes.
We end the paper by an example of application of the theorem.
2. We need some lemmas.
2.1. Lemma 1. Let L(t) be a real positive/unction defined /or t^ 1 and nonincr easing. The proofs are easy and we leave them to the reader.
Lemma 3.3 Let g(
Proof. This follows from 23 log--= X) log/>+ T, log p. Set 6,(x) = Y,vs*f(P) log P-Then 3 This lemma is due to J. P. Tull.
4 This lemma is due to J. P. Tull and is an improvement of the preliminary theorem in our paper quoted in footnote 1. There we supposed |/(«)| g 1 for every n and in the conclusion we had o [l ] instead of 0 [l/log x] although the method of proof could yield this just as well. 
3.3. To complete the proof it suffices to show that
2. If ffip^O, a*(x) = o <\ogx)<*> I ;; (ft ■ J 2 ^logO^""1"1 -3.3.1. The first assertion is obvious for Z* is increasing. 5. Application. We shall now give an example of application of our theorem.
If fftp^O we have for x>4
Let u(n) be the number of prime divisors of n. If/(n) =z"c") where z is any complex number whose modulus is ^ 1, then / is a multiplicative function and \/(n) \ :jS 1 for every n. Moreover ~52Pix/(p) log p = z9(x), where d(x) = ZPSx log p.
If we know that The converse of (a) is true (that is, D Priifer implies that D is Priifer) and was established by Priifer in [ll, p. 31] . In case L is finite-dimensional over K, Noether [9, p. 37] proved the converse of (c) and Butts and Phillips [2, p. 270] proved the converse of (b). In the general case it is well-known or easy to see that the converses of (b), (c) and (e) are false. The converse of (d) is false (see [6, p. 102 
